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Abstract –In this article, the modified Kane-Mele Hamiltonian is derived for graphene with wedge
disclination and spin orbit couplings (intrinsic and Rashba). The wedge disclination changes the
flat lattice into the conical lattice and hence modifies the spin orbit couplings. The Hamiltonian is
exactly solved for the intrinsic spin orbit interaction and perturbatively for the Rashba spin orbit
interaction. It is shown that there exists the Kramer’s degenerate midgap localized spin separated
fluxon states around the defect. These zero energy spin separated states occur at the external
magnetic flux value Φ±∆Φ. The external magnetic flux Φ is introduced to make the wave-function
periodic when the electron circulates around the defect. It is found that this separation occurs due
to the effect of the conical curvature on the spin orbit coupling. Further, we find these results are
robust to the addition of the Rashba spin orbit interaction which is important for the application
to spintronics and nanoelectronics.
Introduction. – ”Topological Insulator (TI)” like
HgTe, Graphene and Fluorinated Stanene [1, 2], are ma-
terials which are insulators in bulk and have protected
conducting gapless surface (3D) or edge (2D) states for
electrons. This defines a new class of quantum materials
called quantum spin hall insulators. These topological in-
sulators are classified in terms of the symmetry, some of
them preserve inversion and time reversal symmetry [3,4],
while some of them have broken time reversal symmetry
[5, 6]. The TI which preserves time reversal symmetry
arises due to the presence of intrinsic spin orbit coupling.
The robust properties of surface and edge states of topo-
logical insulators are important for applications to quan-
tum computers and spintronics devices hence many studies
have been made in the past few years to find new topo-
logical materials and structures. The lattice with topolog-
ical defects is one of them. It has been naturally [7], as
well as experimentally [8,9], and theoretically seen [10–15],
that 3D topological insulators (TI) and topological super-
conductors (TS) show significant response to ’Topological
Defects’ and have gapless states around the defect for an
electron circulating it. Recently the bound state of con-
ical singularity in graphene with wedge disclination and
broken time reversal symmetry have been studied for the
spinless electron [16], which shows the existence of local-
ized zero energy bound states near the defect. The effect
of Coulomb impurities in the presence of a uniform mag-
netic field on the energy spectrum of disclinated graphene
has also been studied recently [17]. The present paper
deals with the bound state of the electron having spin in
graphene with wedge disclination in the presence of curva-
ture modified intrinsic and Rashba spin orbit coupling, in
order to shed light on how the spin orbit coupling affects
the bound state in disclinated graphene. The analysis has
been done by using the Kane-Mele Hamiltonian [4] for a
spinfull electron on the honeycomb lattice. Although the
Kane-Mele model (i.e.quantum spin hall insulator (QSHI)
) is difficult to realize in graphene because the intrinsic
spin orbit coupling [24] in pristine graphene is too weak,
about 20-50 µev, to have QSHI phase in it. This can be
made large enough by having graphene absorbed with hy-
drogen ad-atoms [20], heavy elements [21] or by proximity
with Sb2Te3 TI [22]. These methods increases the intrinsic
SOC to the order of 20 mev to realize QSHI. In this paper
we show that there exists the Kramer’s degenerate midgap
localized spin fluxon states [18, 19] around the defect in
graphene with wedge disclination, and these zero energy
up and down spin states separate out purely due to the
effect of the curvature of the conical honeycomb lattice on
the intrinsic spin orbit coupling in the presence of the ex-
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ternal magnetic flux. So in this work we first introduce the
wedge disclination, derive the curvature modified intrinsic
spin orbit coupling Hamiltonian and hence the Kane-Mele
Hamiltonian for the conical honeycomb lattice. We then
find the bound state wave function and energy of the low
energy electron in the presence of intrinsic and Rashba
SOC.
Wedge disclination and gauge transformation
due to wedge disclination. – The low energy spinfull
electron dynamics in flat honeycomb lattice is governed by
the massive 2D Dirac Hamiltonian, called the Kane-Mele
model for honeycomb lattice [4], and is given by
H(k) = νf~(τzσxkx + σyky) + ∆soτzσzsz, (1)
where the τ , σ and s are the Pauli matrices for valley, sub-
lattice and spin space. τz = ±1 for the two valley K(K’) in
the Brioullin zone, σz = ±1 for the sublattice A(B), sz =
±1 for up and down spin of the electron. νf is the Fermi
velocity and ∆so = 3
√
3t2 defines the intrinsic spin orbit
coupling parameter in the honeycomb lattice, t2 defines
the second nearest neighbour hoping amplitude. The to-
tal low energy electron wave function for this Hamiltonian
is Ψ(r) = [(uA↑, uA↓, uB↑, uB↓), (uA′↑, uA′↓, uB′↑, uB′↓)] ×
ψ(r). Where u(A,B,A′,B′)(↑↓)(r) are the base functions for
the sublattice A(B) for momentum K, and for momen-
tum K’, for up and down spin of the electron. ψ(r) is a
8x1 envelope wave function slowly varying on the lattice.
The Kane-Mele Hamiltonian above [eq. (1)] has an in-
trinsic spin orbit coupling Hamiltonian as the mass term,
which produces a gap in the energy spectrum and is given
by, Hso = ∆soτzσzsz, this Hamiltonian preserves time re-
versal symmetry. In graphene, the wedge disclination is
define by a procedure called the Volterra’s cut and glue
procedure in which there is a removal or addition of the
wedge of angle npi/3 from the flat lattice followed by the
gluing of the edges of a cut to form a continuous lattice by
preserving the three fold connectivity of the atoms. The
resultant lattice then has a conical shape with apex as a
hole in the form of a polygon. The index ’n’ defines the
type of disclination, for n > 0 the wedge is removed (pos-
itive curvature) and for n < 0 there is an addition of the
wedge (negative curvature) in the flat honeycomb lattice.
So there are four types of disclination in a honeycomb lat-
tice which are given by the pentagon defect (n=1), the
square defect (n=2), the heptagon defect (n=-1) and the
octagon defect (n=-2). Graphene in nano cone form have
defects with more than one pentagon and heptagon at the
top of the cone. It has been found experimentally [8, 9]
that these nano cones can have a single pentagon cell at
the top of the cone as well which leads to the existence of
the wedge disclination in graphene. To study the bound
states of the electron around these defects we have used
the continuum model, which introduces the curvature in-
duced gauge field in the low energy electron Dirac Hamil-
tonian [eq. (1)] of the honeycomb lattice [13–15]. In the
continuum model, the honeycomb lattice with disclination
Fig. 1: (color online)Unfolded plane of lattice (Continuum
model) with wedge of angle δ removed from it. ρ is the radius
of the defect hole. R(φ) is the curve along which the spinor is
rotated. At the centre the red dot represent the flux tube with
magnetic flux Φ. (r, φ) are the coordinates of a point on the
lattice.
is considered as an unfolded plane (shown in fig. 1) with
a cut of angle δ and the hole of radius ’ρ’ (located in place
of the polygon at the top of cone) such that any point
on this continuum lattice is defined by the polar coordi-
nates (r,φ). So in the Volterra’s cut and glue procedure
for the disclinated honeycomb lattice, the wavefunction Ψ
for the electron with spin must be single valued at the
seam if this spinor is rotated around the defect core along
the curve R(φ) (fig. 1). This leads to the general gauge
transformation for the envelope function ψ so as to com-
pensate for the mismatch of phases of the base functions
uA↑ , uA↓ , uB↑ , uB↓ , uA′↑ , uA′↓ , uB′↑ , uB′↓. The Bloch
phases are given by ω = ei2pi/3 and ω¯ = e−i2pi/3. In fig.
2 the distribution of phases for these base functions is
shown. By matching the phases for any general disclina-
tion (n), [16] the general gauge transformation, [14,15] for
electrons with spin is given by
ψ(φ = 2pi − npi
3
) = ei
npi
6 (τzσzso−3τyσyso)ψ(φ = 0), (2)
where the so is the 2x2 identity matrix for the spin space.
The cut and glue procedure transforms the flat honey-
comb lattice into a conical honeycomb lattice. So if we
rescale the angle φ of unfolded plane to the new angle
θ = φ/(1 − n/6) where θ is varying from 0 to 2pi so as
to have conical topology in the unfolded plane then the
general gauge transformation for any given disclination
defined by index, n = ±1,±2 is
ψ(θ = 2pi) = ei
npi
6 (τzσzso−3τyσys0)ψ(θ = 0). (3)
This transformation can be broken into two singular trans-
formations [16], for the envelope wave function (ψ) of the
electron with spin so that ψ(θ = 2pi) = Us(φ)Vns(θ)ψ(θ =
0), where
Us(φ) = e
iφ2 τzσzso , Vns(θ) = e
inθ4 τyσyso . (4)
Kane-Mele Hamiltonian for the conical honey-
comb lattice. – Now consider an external magnetic flux
Φ applied at the centre of the defect hole using magnetic
p-2
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Fig. 2: (color online)The figure shows the distribution of the
phases (ω = ei2pi/3 and ω¯ = e−i2pi/3) of base function uA↑ and
uB′↑ on the honeycomb lattice.For base functions uA↓ and uB′↓
the distribution of phases is same.For the 60o and 120o cut the
phases of base functions are matched along the line(OM and
OP) and (OM and ON) respectively. The distribution of the
phases (ω and ω¯) for base function (uA′↓,uB↓) and (uA′↑,uB↑)
is just the complex conjugate of the above figure.
flux tube (red dot in fig. 1) having a vector potential A
given by
A =
Φ
rΩnΦ0
φˆ. (5)
with Ωn = (1 − n/6) and Φ0 = h/e the magnetic flux
quanta. To define the dynamics for the electron with spin
in the honeycomb lattice with disclination we have used
the Kane-Mele model [eq. (1)] at low energy in polar co-
ordinates (r, θ) with a external magnetic flux Φ. However,
in this Kane-Mele model the intrinsic spin orbit coupling
Hamiltonian (Hso = ∆soτzσzsz) is changed into the cur-
vature modified intrinsic spin orbit coupling (H ′so) for the
conical honeycomb lattice because the lattice curvature
strongly affects the spin orbit coupling [24]. So if we con-
sider the honeycomb lattice as a cone having semi-cone
angle α, then the coordinates of a point on its surface
is defined by (r, θ, z). We derived H ′so, using the trans-
formation Λ obtained by transforming the spin basis of
the perpendicular component of the spin (sz) on the flat
honeycomb lattice to the spin basis of the perpendicular
component of the spin (sn) on the conical lattice [24]. The
transformation is given by
Λ =
1√
2
(
e−i
θ
2
√
1 + sinα ei
θ
2
√
1− sinα
e−i
θ
2
√
1− sinα −ei θ2√1 + sinα
)
, (6)
The Hamiltonian H ′so = Λ
†HsoΛ is then found to be
H ′so = ∆soτzσzszf(α) + ∆soτzσzsx cos θg(α)
−∆soτzσzsy sin θg(α), (7)
where g(α) = cosα and f(α) = sinα, are the curvature
functions and they depend upon the type of wedge discli-
nation (n) through the semicone angle α, sinα = 1−|n|/6
[23]. It is interesting to note that this curvature modified
intrinsic SOC Hamiltonian has two extra spin flipping in-
trinsic Rashba like terms τzσzsx and τzσzsy which occur
due to the mixing of pz with px and py orbitals of the
carbon atoms present at the curved surface of the coni-
cal graphene. This is in contrast to the the intrinsic SOC
Hamiltonian Hso for the flat honeycomb lattice and the
cylindrical nano tube SOC but is similar to the spherical
honeycomb lattice SOC Hamiltonian [24]. The Kane-Mele
Hamiltonian in polar coordinates is then given by
HFS(k) = νf~(τzσxkr + σykθ) +
Φ
rΩnΦ0
σy +H
′
so, (8)
where kr = −i∂/∂r and kθ = −i/rΩn(∂/∂θ). Now by
using the Hamiltonian H ′so [eq. (7)] in the Hamiltonian
HFS [eq. (8)] and by applying the gauge transformation
Us(φ) and Vns(θ) on the Hamiltonian HFS, we find the
Hamiltonian for the spinfull electron in the honeycomb
lattice with wedge disclination to be given by HDS(r, θ) =
U†s V
†
nsHFSVnsUs,
HDS =
[
kr − i
2r
]
τzσx +
[
kθ +
Φ
rΩnΦ0
+
n
4rΩn
τz
]
σy
+ ∆so [τzσzszf(α) + τzσzsxg(α)] , (9)
where ~ = νf = 1. We have used H ′so with the condition
θ = 2pi because θ = φ/(1− n/6) and for φ = 2pi − δ, θ is
always 2pi. The curvature of conical graphene manifests
itself in the generalized Kane-Mele Hamiltonian through
the gauge potential like term: i/2r and n/4rΩn occurring
due to the gauge transformations Us(φ) and Vns(θ) and
through the functions f(α) and g(α) occurring in the spin
orbit coupling mass term (∆so). In spite of the presence
of Rashba like term in this Hamiltonian an exact solution
can be found where as for spherical and spiral honeycomb
lattice this is not the case [24], [25].
The bound state wavefunction and energy for
the electron around the defect. – The Hamiltonian
(HDS), is separable in the coordinates ’r’ and ’θ’. By
using the ansatz ψ(r, θ) = eijθX(r) where ’j’ is a half inte-
ger number and acts as the azimuthal angular momentum
quantum number for the electron circulating around the
defect core, we find the modified Kane-Mele Hamiltonian
in radial coordinates to be given by
H ′DS(r) =
[(
kr − i
2r
)
τzσx +
ντ
r
σy
]
+ ∆so [τzσzszf(α) + τzσzsxg(α)] (10)
where τ = ± for the two emergent valleys and ντ is
ντ =
j + ΦΦ0 +
nτ
4
(1− n6 )
. (11)
If we solve the eigenvalue equation H ′DSX(r) = X(r), we
find the bound state spinor ψ(r, θ) for the electron with
spin in terms of the modified Bessel functions of the second
p-3
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kind which decay exponentially for r →∞,
ψ(r, θ) = eijθ

Kν+− 12 (rκ)
(iκ+∆sog(α))
(+∆sof(α))
Kν+− 12 (rκ)
(iκ−∆sog(α))
(+∆sof(α))
Kν++ 12 (rκ)
Kν++ 12 (rκ)
(−iκ−∆sog(α))
(+∆sof(α))
Kν−+ 12 (rκ)
Kν−+ 12 (rκ)
Kν−− 12 (rκ)
(−iκ+∆sog(α))
(+∆sof(α))
Kν−− 12 (rκ)

. (12)
where κ =
√
(∆so)2 − 2. Now the square integrability of
ψ does not uniquely define the quantized state as ρ → 0.
So to find this, we have assumed a confining potential
V (r < ρ) = −m0(τoσzso) in the region r < ρ in place of
the spin orbit coupling mass term in the Kane-Mele model
[eq. (1)]. Then by making m0 → ∞ we have found the
infinite mass boundary condition at r=ρ for the spinfull
electron given by ψ(ρ, θ) = Mψ(ρ, θ), where M is a general
8x8 matrix. We have found the matrix M of infinite mass
boundary condition for the spinfull electron by using the
procedure given in [26] for Dirac current operator, Jˆ =
τzσxrˆ + σyφˆ and the time reversal operator, T = −i(τy ⊗
I ⊗ sy)C, for the [eq. 1]. The matrix ’M’ is given by
M = τz ⊗ φˆ.σ ⊗ sz. So the boundary condition becomes
ψ(ρ, θ = 2pi) = τz ⊗ σy ⊗ szψ(ρ, θ = 2pi). (13)
The boundary condition [eq. (13)] leads to the bound state
energy of the up and down spin electron at the K and K’
valleys and is given by
γz
∆so
=
−1 + Kντ+γ 12 (ρκ)K
ντ−γ 12
(ρκ)
√
K2
ντ+γ
1
2
(ρκ)
K2
ντ−γ 12
(ρκ)
Rα + (Rα − f2)
1 +
K2
ντ+γ
1
2
(ρκ)
K2
ντ−γ 12
(ρκ)
(14)
where γ = ±1 for upspin (γz =↑) and down (γz =↓) spin
state respectively. Rα = [(g(α))
2 + 1]. These bound state
energies depend upon the semi-cone angle α, hole radius
ρ and the the parameter ντ . Further, if we put f(α) = 1
and R(α) = 1 (i.e., g(α) = 0) in the eq. (14), which
means the mass term ∆so now becomes independent of
the curvature, we find the same result found by Ruegg
and Lin [16], for the bound state energy of the spin-less
electron,
√
∆so − /
√
∆so +  = Kντ− 12 (ρκ)/Kντ+ 12 (ρκ),
where ∆so = m is the mass term of the Haldane Hamilto-
nian for the honeycomb lattice.
Addition of Rashba Hamiltonian. – We have also
included the Rashba SOC to probe whether the zero en-
ergy localized states are robust against the addition of the
disorder terms like the Rasbha spin orbit coupling which
may arise due to the interaction with a substrate or an ex-
ternal electric field. The Rashba Hamiltonian [24], in the
flat honeycomb lattice is given byHR = λR(τzσxsy−σysx).
For the conical lattice the curvature modified Rashba
Hamiltonian is found to be, H ′R = Λ
†HRΛ, given by
H ′R = −λR (τzσxsy cos θ + τzσxsx sin θ − σyszg(α))
+ λR (σysxf(α) cos θ − σysyf(α) sin θ) . (15)
Note that this curvature modified Rashba SOC (which
flips spins on hoping) contains a spin preserving term σysz
which occurs in this Hamiltonian purely due the curvature
of the conical honeycomb lattice. Now we have included
this modified Rashba Hamiltonian, H ′R, in our Hamilto-
nian, HDS[eq. (9)], for the honeycomb lattice with wedge
disclination and the spin full electron after applying the
gauge transformation Us(φ) and Vns(θ). The final Hamil-
tonian after addition of the modified Rashba Hamiltonian
is given by, HDSR = HDS + H
′
R. We observe that this
Hamiltonian is not solvable analytically. So we treat the
Rashba Hamiltonian H ′R as a perturbation in the Hamil-
tonian HDS because λR/∆so < 1 and used the degenerate
perturbation theory to find the energy spectrum of the
bound states for the Hamiltonian HDSR. The change in
energy, ∆ due Rashba Hamiltonian is the eigenvalue of
the W-matrix [27] and the total bound state energy is
given by  = γz + ∆Γ,,where the γz is the energy de-
fined by eq. (14) and Γ = ±1 defines the two energy states
of mixed spin states around the defect. ∆Γ depends upon
the curvature of the lattice through the function f(α) and
g(α). Results after addition of Rashba SOC are discussed
in the later part of the next section.
Results and Discussion. – For ∆so 6= 0 and λ = 0,
the energy spectrum for the bound state ( < ∆so) of
the electron for up and down spin states for the pentagon
(n=1), square (n=2), heptagon (n=-1) and octagon (n=-
2) defect in the two valleys, K and K’ is shown in fig. 3(a),
which we have plotted using eq. (14) and incorporating
sinα = 1− |n|/6, with respect to general ν (first and sec-
ond valley). In the fig. 3(a) the continuous green curve
shows the up spin energy and the dotted red curve shows
the down spin state energy for pentagon defect (n=1). We
find that the up and down spin state energy monotonically
varies with ν with a crossing at ν = 0. The energy spec-
trum of the spin-less electron is also shown in fig. 3(a)
as the grey curve crossing the origin. First, we conclude
from the energy spectrum (fig. 3(a)), that the zero energy
mode, which occurs at ν = 0 for spin-less electron are also
present for up spin and down spin states but are now sep-
arated and are at non zero value of ν = ±νo respectively.
Now the magnitude of νo depends upon the value of exter-
nal magnetic flux (Φ) and the type of disclination (n) and
p-4
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Fig. 3: (color online)(a),The general  vs ν curve for
upspin(Green,Brown,continuous) ,downspin (Red,Blue,dotted)
for all four defects and spinless electron(Grey curve passing
through origin) for pentagon defect(n=1) in two K valley for
∆so 6= 0 and λR = 0. (b)  vs ν curve for variable ρ∆so rang-
ing from 0.1 to 0.5. (c)-(e), vs Φ/Φo plot for pentgon(n=1)
and square (n=2) defect in two K valleys. (f), vs ν plot for
pentgon defect(n=1) with ∆so 6= 0 and λR 6= 0.All plots are
for ρ∆so = 0.5.
this separation purely occurs due to the effect of curvature
on the intrinsic spin orbit coupling mass term ∆so through
the curvature functions g(α) and f(α). Second, from this
plot we conclude that ντ↓ = −ντ↑. Then in the expression
for ντ given by eq. (11) as ντ = (j + Φ/Φ0 + nτ/4)/Ωn,
the occurrence of the term Φf = nτ/4 in ντ is due to the
wedge disclination and is called the fictitious magnetic flux
experienced by the electron when it circulates around the
defect core. Then for a given spin γz=(↑, ↓), ντγz , jγz and
external flux Φ the fictitious magnetic flux will be given by
Φfτso = ντsoΩn−jso−Φ/Φo. Then for Φ = 0 and j↑ = −j↓,
we get Φfτ↑ = −Φfτ↓, which implies that the fictitious spin
flux (nΦo/4) due to wedge disclinations has opposite signs
for the up spin and down spin states. Third, the zero en-
ergy up spin and down spin states in the two valleys are
localized around the defect as can be seen from the bound
state spinor eq. (12) which decays exponentially with ’r’
and the defect acts like a source of spin flux (τγznΦo/4),
we recognize these as the zero energy spin fluxon states,
[18, 19]. Fourth, from fig. 3(a) we observe that (i) for the
|n| = 2 the bound state energy is greater than the energy
for |n| = 1 (ii). the bound state energy of the positive
curvature (n > 0) and the negative curvature (n < 0) are
degenerate. The fig. 3(a) also shows the Kramer’s de-
generate pairs for up spin and down spin. The fig. 3(b)
shows the energy spectrum of the bound state of the spin-
full electron for different values of the product ρ∆so of
the hole radius ρ and spin orbit coupling constant ∆so for
the pentagon defect (n=1). This shows that at a given
value of ν the bound state energy for both up and down
spin decrease with increase in the value of ρ∆so ranging
from 0.1 to 0.5. However, for higher values of the product
ρ∆so the allowed range for ν to have bound state energy
 < ∆so is increased. This shows that the localized zero
energy state around the defect still persists for a minimum
size of the defect core (ρ) threaded by magnetic flux (Φ).
Further, the spectrum shows that the crossing of the up-
spin and the down spin state remains fixed with a change
in the magnitude of ρ∆so. The fig. 3(c)-3(e) shows the
bound state energy of the up spin and down spin states,
at both K valleys, with respect to external magnetic flux
(Φ) for pentagon (n=1) and square defect(n=2). Now in
graphene for the electron moving around the defect core,
the spinor picks up a Berry phase of pi after rotation by
angle 2pi which leads to the antisymmetric boundary con-
dition. So to get the periodic boundary condition and zero
energy states we have to apply a external magnetic flux
of Φ = h/2e = Φo/2 in the defect core. But as the defect
also acts like the source of fictitious magnetic flux which
is τ Φo/4 for pentagon defect (n=1) and τ Φo/2 for square
defect (n=2), so to get zero energy bound state and pe-
riodic boundary condition we have to apply an external
magnetic flux of Φ = τ Φo/4 and Φ = 0 for the pentagon
and square defect respectively as shown in  vs Φ/Φo plot
of [16] for the spin less electron. But for the spinfull elec-
tron we find that the up and down spin zero energy states
do not occur exactly at these value of external magnetic
flux but they are separated and occur at the external mag-
netic flux, Φ ± ∆Φ. For the pentagon defect in the first
valley K, the zero energy states for spin less electron occur
at external magnetic flux value, Φ = −3pi/2, pi/2 [16], but
for spinfull electron fig. 3(c), the pair of up and down spin
zero energy states occur at external magnetic flux value
Φ ± ∆Φ = pi/2 ± pi/2 and Φ ± ∆Φ = −3pi/2 ± pi/2. For
the square defect (n=2), fig. 3(e) for which the value of
the external magnetic flux should be 0 or ±2pi to get spin
less zero energy states, we find the zero energy states oc-
cur at a external magnetic flux value Φ±∆Φ = 0± 3pi/4
and Φ±∆Φ = −2pi ± 3pi/4 , 2pi ± 3pi/4. Similarly for the
heptagon defect (n=-1) and for the octagon defect (n=-2)
(will be reported elsewhere) the ∆Φ is 7/5(pi/2) and 3pi/2
respectively. This extra external magnetic flux, ∆Φ oc-
curs due to the effect of curvature on the intrinsic SOC
p-5
T.Choudhari, N.Deo
through the curvature functions g(α) and f(α) because if
we make the curvature function g(α) = 0 and f(α) = 1
(to remove the effect of spin), we find that the zero energy
states occur at external magnetic flux value Φ. So for all
these defects the up spin zero energy state is present at the
external magnetic flux value Φ − ∆Φ and the down spin
zero energy state is present at the external magnetic flux
value Φ + ∆Φ which concludes that they are separated.
From fig. 3(c)-3(e), we also observe the number of up-
spin and down-spin states for the pentagon (n=1), square
defect(n=2), heptagon (n=-1) and octagon defect(n=-2)
change from 2 to 1, 2 to 1, 3 to 2 and 3 to 2 respec-
tively at different values of magnetic flux. Which means
the external magnetic flux applied at the defect core can
change the local density of states around the defect. Now
for ∆so, λR 6= 0 , we have numerically plotted the energy
spectrum of the Hamiltonian (HDSR) for the bound state
electron given by  = DS + ∆Γ as shown in fig. 3(f) for
the first and second valley with λR/∆so = 0.3 for the pen-
tagon defect. Compared to the energy spectrum shown in
the fig. 3(a), for which the states of up and down spin
cross each other at ν = 0 in the two K valleys, the states
now cross each other at ν 6= 0. This change in ν for cross-
ing depends upon the magnitude of the ratio of λR/∆so.
Further, the energy spectrum shows that the zero energy
states are still present in the spectrum for both the valleys
but now move to smaller values of ν = ±νr for the two
K valleys as compared to fig. 3(a) in which they are at
ν = ±νo such that νr < νo. In the plot for the bound
state energy vs the external magnetic flux(Φ) for all four
defects, we observe that the value of ∆Φ after adding the
Rashba spin orbit coupling does not change and it is still
given by ∆Φ equal to pi/2, 3pi/4, 7/5(pi/2) and 3pi/2 for
pentagon (n=1), square(n=2), heptagon (n=-1) and oc-
tagon defect(n=-2) respectively.
Conclusion. – In summary, we have found the bound
state of the spin-full electron in graphene with wedge
disclination using the modified Kane-Mele model in the
presence of curvature modified, intrinsic spin orbit cou-
pling (∆so) and extrinsic Rashba spin orbit coupling (λR),
for the conical graphene lattice. This study leads to the
conclusion that for the case ∆so 6= 0 and λR = 0, for
the electron circulating the defect, there exist Kramer’s
degenerate pair of zero energy spin bound states local-
ized around the defect, acting as the source of spin fic-
titious flux and these zero energy spin states separates
only due to curvature modified SOC of the wedge discli-
nated graphene in the presence of external magnetic flux.
For the case ∆so 6= 0 and λR 6= 0 these zero energy spin
states still persist and all other results are robust. This
concludes that in 2D, disclinated graphene based topolog-
ical insulators can act as a source of protected localized
zero energy separated spin states around the defect which
can be controlled by external magnetic flux. Hence these
results can have potential applications in spintronics and
nanoelectronics.
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